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Analysis of wave interaction in nonlinear media is a fundamental problem of nonlinear physics. Resonant interaction is especially interesting since it leads to an energy exchange between waves of different carrier frequencies. In a medium without the center of symmetry, quadratic nonlinearity results in parametric three-wave mixing when two waves create a third wave at a combined frequency v 3 v 1 1 v 2 . This phenomenon occurs in a wide range of nonlinear wave systems, e.g., surface waves in fluids and solids, plasma waves, optics, etc. [1] [2] [3] [4] . A particular case of the three-wave interaction is known in nonlinear optics as type II second-harmonic generation (SHG). In a degenerate case, when two identical waves of the fundamental frequency create a second-harmonic wave, such interaction is known as type I SHG.
When dispersion or diffraction become important (e.g., for sufficiently short pulses or focused beams), parametric interaction of two waves can lead to beam self-trapping and solitary waves. Spatial optical solitons due to type I SHG in optical materials with quadratic [or x ͑2͒ ] nonlinearity have been extensively investigated during the last two years for both (1 1 1) dimensional (planar waveguides) [5] [6] [7] and (2 1 1) dimensional (self-guided beams in a bulk medium) [8] geometries. However, the first experimental observation of optical beam self-trapping and stationary propagation of (2 1 1) dimensional spatial solitons in a bulk x ͑2͒ medium has been reported [9] for the case of type II SHG (see also Ref. [10] ). In the theoretical analysis of three-wave mixing little progress has been achieved even for the case of (1 1 1) dimensional geometry [11] . The similar three-wave mixing equations appear in many different branches of physics (e.g., [2] [3] [4] ) and also for describing Fermi resonances in multilayer superlattices [12] , near-resonant interactions of elastic waves on corrugated surfaces [13] , etc. This Letter aims to present the families of two-parameter solitary waves for both (1 1 1) and (2 1 1) dimensional cases and to analyze their stability. Moreover, taking the problem of three-wave mixing as an important example, we derive a novel type of analytical stability criterion for solitary waves with more than one internal parameter.
We consider the resonant interaction of three waves with the carrier frequencies satisfying the condition v 3 v 1 1 v 2 in a diffractive dielectric medium with quadratic nonlinear susceptibility. Assuming the wave envelopes E 1 , E 2 , and E 3 to be slowly varying, we derive from Maxwell's equations the system of three equations coupled parametrically through components x ͑2͒ ijk of the nonlinear susceptibility tensor,
where
z is the propagation distance; Dk ϵ ͑k 1 1 k 2 2 k 3 ͒ is the wave-vector mismatch between the waves and =
2 in the (1 1 1) dimensional case, x and y being transverse coordinates. Below our analysis will be mainly related to the (2 1 1) dimensional case. Expressions for the (1 1 1) dimensional case can be obtained by omitting integration over dy and dependencies in y.
We normalize Eqs. (1) measuring the transverse coordinates x and y in units of the input beam size r 0 (x ! r 0 x, y ! r 0 y), and the propagation coordinate z, in units of the diffraction length z d r Note that if Dk ø k 3 , then s 1; to recover the results for type I SHG we should also require y u and b y b u . Among the integrals of motion of the system (2) there are the Hamiltonian,
and two energy (Menley-Rowe) invariants,
We note that for some applications it is more convenient to introduce the combinations of Q y and Q u describing "total energy," Q tot Q y 1 Q u , and "unbalancing" of the wave components, Q unb Q y 2 Q u . Clearly all the results we obtain below in terms of Q y and Q u can be easily reformulated in terms of Q tot and Q unb . To derive the stability criterion for solitary waves, we generalize the method of multiscale asymptotic expansions suggested in [6, 14] for scalar solitons. We start with the stationary solitary waves of Eqs. (2) in the form c c s ͑r; b y , b u ͒, where c ϵ ͑y, u, w͒ and r ϵ ͑x, y͒. Now, we assume that (close enough to the instability threshold) the instability leads to small adiabatic changes of the solitary wave profile. Thus we allow the soliton parameters b y and b u to vary slowly in z, and look for a solution of Eqs. (2) in the form of the asymptotic series,
where the parameter´measures a small initial perturbation and Z ϵ´z. Substituting (5) into Eq. (2) and collecting terms of the zero order in´, we obtain the system which defines the stationary (purely real) solutions c s ͑r; b y , b u ͒, describing a two-parameter family of fundamental (i.e., one-humped) solitary waves.
In the next, first order in´, we obtain a system of inhomogeneous linear equations, 
where L is a linear self-adjoint operator resulting from a linearization of Eqs. (2) 
where the dot stands for the partial derivative with respect to Z. The appearance of a nontrivial solution
The result (8) generalizes the well-known instability threshold condition for one-parameter solitons [15] . Also, as follows from Eqs. (7) and (8), in the vicinity of the instability threshold b y and b u become coupled.
In the next (ϳ´2) order of the asymptotic expansion we obtain a new system of inhomogeneous linear equations which defines the (purely real) correction ͑y 2 , u 2 , w 2 ͒, but it does not impose any new orthogonality condition.
To go further and to analyze the nonlinear regime of the soliton instability, we employ the approach based on the use of integrals of motion [14] and construct the Lyapunov functional: F H 1 b y Q u 1 b u Q y , where H, Q y , and Q u are given by Eqs. (3) and (4). Then we substitute the asymptotic series (5) into F and keep only terms up to´2 obtaining the expression
where the index "p" refers to the perturbed values of the invariants (3) and (4) whereas H s , Q ys , and Q us are the values calculated for the stationary soliton solution ͑y s , u s , w s ͒. Importantly, the coefficients M ij ͑b y , b u ͒ form a positively defined matrix. The function (9) has a form of a Hamiltonian of a mechanical system with two degrees of freedom. However, due to the relations (7) and (8), the variables b y and b u become coupled. To show this explicitly we introduce a new variable db, a common phase velocity shift, and substitute the nontrivial solution of Eqs. (7) of the form
into Eq. (9) . Now, expanding all terms in Tailor series around b y0 and b u0 defined by the equations Q yp Q ys ͑b y0 , b u0 ͒ and Q up Q us ͑b y0 , b u0 ͒, and keeping only terms up to´6, we obtain ͒ 3 ͖. The Hamiltonian (11) describes the adiabatic dynamics of the solitons close to the stability threshold (8) . The structure of the effective Hamiltonian (11) immediately indicates that the solitons of Eqs. (2) are stable provided C . 0, and they are unstable otherwise.
In order to determine the stability domains explicitly, we should find the fundamental radially symmetric stationary localized solutions of the corresponding system of ordinary differential equations, i.e., Eqs. (2) with omitted z derivatives. To reduce the number of independent parameters, we make the renormalization w sb y W ; u sb y U; y sb y V ; and r p x 2 1 y 2 R͞ p sb y . The resulting system is more convenient for numerical analysis,
where the primes stand for the derivatives with respect to R; and also a ϵ ͓2͑b u 1 D͒͞sb y 1 2͞s͔; g ϵ ͑2 2 s͒b u ͞sb y ; s 0 for the (1 1 1) dimensional case, and s 1 for the (2 1 1) dimensional case. Knowing a family of fundamental two-parameter solutions of the system (12) given by the functions V s ͑R; a, g͒, U s ͑R; a, g͒, and W s ͑R; a, g͒ we can reconstruct the soliton solutions of the system (2), calculate its invariants (3) and (4), and obtain the instability threshold curve (8) as well as domains of stability on the ͑a, g͒ or ͑b y , b u ͒ parameter planes for any fixed values of s and D. We have found the spatially localized solutions of the system (12) (and, therefore, the profiles of three-wave solitons) numerically for positive a and g by applying the numerical relaxation technique. Next, we use the condition (8) to determine the instability threshold and investigate the sign of C in the vicinity of it to find stability and instability domains. Our results are presented in Figs. 1(a) and 1(b) for both the (1 1 1) and (2 1 1) dimensional solitons, respectively. We find that for all non-negative values of the parameter D the fundamental three-wave solitons are always stable. instability domains are situated to the left of the threshold curves in Figs. 1(a) and 1(b) . We have verified this analytical result by using direct numerical modeling, including the analysis of the exponentially growing modes of the corresponding linear problem.
In the vicinity of the instability threshold (8) the dynamics of perturbed solitons is governed by the Hamiltonian (11) . Figure 2 gives examples of the evolution of the maximum amplitudes of three-component (initially perturbed) unstable solitons. For the situations presented in Fig. 2(a) (large-amplitude oscillations) and Fig. 2(b) (soliton decay) the dynamics is qualitatively similar to that observed for two-wave solitons [6] . However, because of a variation of the sign of K in Eq. (11) along the instability threshold curve, soliton oscillations without a decay are observed even when initially db , 0 [ Fig. 2(c) ]. This effect does not have any analog in the theory of the two-wave parametric interaction.
Our analysis suggests that, in comparison with twowave (type I SHG) solitons, stable three-wave soliton propagation due to type II SHG can be observed experimentally in a wider parameter region, since varying the parameter g (which corresponds to a variation of the power unbalancing Q unb ) can effectively stabilize the parametric solitons. Understanding the role played by the unbalancing might have a direct impact on further experimental research in this field. Indeed, in the experiments on self-focusing due to type II SHG, the unbalancing Q unb is easily controllable since it simply depends on the input polarization angles. The results reported in [9] were obtained in the balanced configuration. However, more recent experiments [10] have revealed that new physical effects take place when the unbalancing is varied. Our results show the crucial importance of this new degree of freedom for the soliton stability.
In conclusion, we have described the families of (1 1 1) and (2 1 1) dimensional solitary waves due to threewave mixing in a diffractive quadratic nonlinear medium. We have established, for the first time to our knowledge, the analytic stability criterion for these two-parameter vector solitons. The results presented above open a novel class of stability problems which involve solitary waves with two (or more) parameters governed by two (or more) nontrivial invariants. Some other examples of two-parameter solitary waves (which appear in different applications of nonlinear physics) include vector bright solitons in Kerr medium, two-wave solitons in x ͑2͒ medium in the presence of walk-off, vector solitons due to four-wave mixing, etc. In all these cases, the solitary wave instability threshold is given by the condition similar to Eq. (8) derived above. Moreover, close to the instability threshold, the adiabatic dynamics should be described by a one-degree-of-freedom Hamiltonian of the universal form (11) , where only the form of the coefficients C and K can vary.
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